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ABSTRACT
The optimal joint angle trajectory planning of light-weight flexible 
manipulator is investigated based on the cycloidal motions of each joint. The 
objective of the optimization is the minimization of link tip vibrations during and 
after joint motion, and the design variables are the inflection or switch point of the 
cycloidal motion.
The Lagrangian equations are used to derive the dynamic equations of 
motion and the Assumed—modes method is used for numerical solution. The 
proposed optimum joint angle trajectory can be implemented by off-line 
programing for the minimum vibration of robot arms.
One and two flexible links cases are investigated and computer simulation is 
performed for different payloads and manipulator configurations.
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1CHAPTER ONE 
Introduction
The demand for the light-weight elastic manipulator has increased in recent 
years. This is due to its merits of lower arm cost, higher motion speeds, better 
energy efficiency, safer operation, and improved mobility [ 1 ]. However, the 
light-weight robot also causes the problem of positioning error of end—effector 
because of structural flexibility. Usually, the conventional industrial manipulators 
can be considered as a rigid robot and positioning error due to arm structure can be 
neglected for the most of applications. However, for a light-weight manipulator, 
the end—effector deviations caused by arm vibrations become a major disadvantage. 
So far, the active vibration control of flexible robot has been proposed by many 
researchers using feedback control system [ 2,6,11,14,17 ]. In this thesis, the 
minimum vibration of robot arm is pursued by modifying the joint angle trajectory 
which can be implemented by an open loop control.
The first step of this research is the development of a dynamic model for a 
flexible one—link arm. The dynamic equations of flexible robot arm have been 
derived by many researchers [ 5,8,10,16 ]. [ 15 ] presents a general dynamic
modeling technique which is based on the Lagrangian equations and the
2Assumed—modes method which can provide an efficient and systematic way of 
formulating the dynamic equations of flexible manipulator system. The inverse 
dynamic problem is applied to solve the actuator torques on each joint to drive the 
manipulator for a given joint motion. The resultant equations consist of the terms 
of inertial, Coriolis, centrifugal, and gravitational forces.
In regard to the optimal joint angle trajectory planning, several criteria can 
be identified for comparing and evaluating trajectories [ 3 ]. First, trajectories 
should be efficient, both to compute and to execute. Second, trajectories should be 
predictable and accurate. Third, the position, velocity, and acceleration should be 
smooth functions of time. The variable cycloidal trajectory having these properties 
has been used in [ 7 ], where an optimal trajectory for ship tracking systems has 
been developed. The search for an optimal trajectory in this research is based on 
the cycloidal motion.
For one—link manipulator case, the Golden Section Search method [ 12 ] is 
used to obtain the optimal switch point of the joint angle trajectory. For two links 
case, the design variables become two switch points, one for each joint motion.
The organization of this thesis is divided into four parts in five individual 
chapters to study. Chapter one is a statement of problem. Chapter two is devoted 
to : (1) the formulation of dynamic equation for elastic one—link manipulator, (2) 
comparison of the vibrational behavior of one—mode and two—mode case. Chapter 
three addresses the optimal joint angle trajectory planning for one—link elastic 
manipulator. Chapter four presents the formulation of dynamic equations of elastic 
two—link manipulator. Chapter five describes the optimal joint angle trajectory of 
two—link elastic manipulator planning along with numerical examples.
In this research, the computer program is generated in FORTRAN 
Language, in which an IMSL routine named DGEAR is being called for solving a set 
of differential equations.
CHAPTER TWO
Formulation of Dynamic Equations of Motion 
of Elastic One-Link Robot Arm
2.1 Introduction
This chapter describes the formulation of the dynamic model for a robot with 
one elastic link. The dynamic equations describing the n degrees of freedom 
manipulator motion are inherently nonlinear and highly coupled because each link 
exerts inertial, centrifugal, and coriolis torque on the other links. If the elasticity of 
manipulator links is to be included in robot dynamic model, the equations become 
even more complicated. The derivation of the dynamic equations is performed using 
Lagrangian mechanics, and the Assumed modes method is used for numerical 
solution of these equations. The following represents the basic assumptions used 
throughout this thesis. Some other assumptions will be stated later wherever 
appropriate.
1. Each link in the robot is a slender beam with a constant cross section 
which follows the assumptions of Euler—Bernoulli’s beam theory.
2. All the joints are perfectly rigid.
3. All the robot link material characteristics are fully determined.
4. The gravity field exists.
5. The torsional flexural effects is neglected.
6. All the motion task are contained in a vertical plane.
In this chapter, after brief introduction of the Lagrangian mechanics and 
kinematic analysis of elastic robot arm, the derivation of one—link dynamic 
equations along with numerical examples are presented.
2.2 Lagrangian Mechanics for Mechanical Manipulator
Lagrangian mechanics is concerned with the study of n—degree of freedom 
dynamic systems , each degree of which is described by the position of one of a set of 
(n) independent generalized coordinates. Generalized coordinates are a set of 
independent parameters which completely specify the system configuration. In 
robotic applications, the degree of freedom pertain to the various link motions, 
whose particular angle or translational displacements represents the values of the 
generalized coordinates.
Consideration of the energy in a dynamic system together with the use of the 
Lagrange’s equations is a very powerful method of analysis for certain physically 
complex systems. It is an energy method which allows the equations of motion to 
be expressed in terms of any set of generalized coordinates. For a n—degree of 
freedom system, the Lagrange’s equations are as follows :
6where,
d ‘ dT  ' dT 5U
d t
. « P j .
d V{  1 0 P i7  =  pi(0
for i =  1,- • - ,n (2.1)
T
U
F.
is the total kinetic energy of the system or S T-.
i= l  1 
n
is the total potential energy of the system or S U-.
i= l  1
are the generalized coordinates of the system, 
are the corresponding velocity.
are the generalized external force or torque associated with the 
generalized coordinates pj.
2.3 Assumed—Modes Method
Referring to [ 9 ], the assumed modes method, or the Rayleigh—Ritz method, 
consists of assuming a solution of the vibration problem in the form of a series of a 
linear combination of admissible functions 'y-, which are functions of the spatial 
coordinates, multiplied by time-dependent generalized coordinates q^(t). A 
continuous system can be treated as a n-degrees-of—freedom system,
w (r,t) =  S 7i q.(t) (2.2)
i= l
The above equation will be applied to set up dynamic equations of one-link
and two—link cases.
2.4 Kinematic and Dynamic Analysis One—link Elastic Robot Arm
In order to study the dynamic behavior of the manipulator, the kinematic 
analysis has to be completed at first. As shown in Fig.(2.1), xyz is an inertial 
coordinate system whose origin O is fixed. The frame x^y^Zj rotates at an angular
velocity D and its origin Oj has a velocity r t with respect to the inertial xyz 
coordinate system. The position of a particle P relative to the x^y^Zj coordinate 
system can be denoted as,
(i )x 1y 1z1 =  x i i i +  y i Ji +  Zi^ i (2‘3)
Also, the position of particle P with respect to xyz coordinate system is ,
fixys = F.+  ® W l  (2-4>
Differentiating Eq.(2.4) and using Eq.(2.3), the absolute velocity of P is obtained as,
© x y *  =  F. +  « x i m  +  1  “ f ix ,y lZ, <2'5)
Considering the model of one—link elastic robot arm, as shown in Fig.(2.2), 
the vector describing the position of point P on the elastic link can be expressed,
8xyz
Figure 2.1 Kinematics of Translating and 
Rotating Coordinates
9x =  r i +  w j (2.6)
where,
x is the position vector.
r is the distance from joint axis to point P in the direction of i .
w is the deflection of an elastic link respect to its rigid link.
The velocity of point P can be obtained by differentiating the Eq.(2.6) with 
respect to time, showing as follows :
=  r 0 j + w j  — w 0 i (2.7)
or
x = —w 0 i 4- (r 0 +  w) j (2 .8 )
The squared velocity is
■ 2 '2
x =  w2 0 +  (r 0 +  w)2 (2.9)
The total kinetic energy associated with the system is, 
fl  .2 , .2
T = i  f p x  dr + j m x  (i) (2.10)
j n
where,
p is the mass per unit length.
I is the length of a robot arm.
m is the mass at the tip of the link.
j\
\
\
\
Figure 2.2 One Link Elastic Robot Arm
Substituting Eq.(2.9) in (2.10) yields,
^  *2 •
T =  ^ J  p [ w 2 # +  (r # +  w)2 ] dr
•  2 •
+ ^ m [ w2(^ ) # +  (I 0 +  w(i))2 ]
Similarly, the total potential energy of the system can be expressed as,
where,
U =   ^J E l w"2 dr +  m g [ w(^,t) cos# +  I sin# ]
f+ p g [ w(r,t) cos# +  r sin# 1 dr 
J n
w" is the second derivative of w.
g is the acceleration of the gravitational field.
E is the modulus of elasticity.
1 is the area moment of inertia.
1 22 E I w" dr is strain energy.
J 0
(2 .11)
(2.12)
In order to represent the system, the Assumed—modes method give a suitable 
way of approximation. According to Eq.(2.2), the deflection w(r,t) can be 
approximated by,
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w(r>t) =  5 * ^ ( 0  7j(r) (2.13)
where,
7j(r) is an admissible function which satisfies the natural boundary 
conditions of the problem. For a selection of 7 based on 
cantilever beam, refer to [ 15 ]. 
is a time dependent generalized coordinates.
Using Eq.(2.11),(2.12),(2.13), T and U can be expressed,
rl n
T =  I  [ f  [ ( s  QjW Ti(l))2 0 
i= l  1 1
+ 2 r 6 S q.(t) 7j(r) +  ( S q.(t) 7j(r))2 ] dr 
i= l  1 1  i= l  1 1
• 2 n -2
+ ^ Q j f a )  Tj (r ) ]2 0
+ i  m i2 0 +  m 6 £ S q.(t) 7-(r) 
1 i= l  1 1
+  2 m [ E qj(t) Tj(r) ] 2 (2.14)
r•£ n
U =  H  E I [ S q.(t) 7 - (r) f  dr 
i= l  1 1
13
+ m g [  £ q.(t) 7-( )^ costf +  ^sin0 ] 
i= l  1 1
+
■I n
PS s  qs(0  7i(r) cos 9 dr 
0 i= l  1
* ' _ P  sin#+  2 P S (2.15)
We can substitute Eq.(2.14) and (2.15) to the Lagrange equations to 
determine the equations of motion as follows,
d ' d T ' dT dV
d t
. d p  . dp  1 d p
= F( t )
-  • L 0 p j
where,
P =  ( 0, qr  • • • qn )
F is time dependent nonconservative generalized force. 
The Eq.(2.16) can be written in matrix form as,
(2.16)
X
— +
.qn.
f i ( M i> - - q i > q i ) r
0
6a(^i» &i»*-qi*4i) 0
Sn .0 .
(2.17)
where,
M(0,qj) is inertia matrix.
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0 is the joint angle .
qj are time—dependent generalized coordinates of mode(i).
r is the actuator joint torque.
2.5 Inverse Dynamic Problem of The Elastic Robot
Manipulator dynamics concerns the relationship between the motion of a 
mechanical kinematic chain of linkages and the actuator forces. There are two 
problems related to the dynamics of manipulator that wi wish to solve. One is the 
direct dynamic problem, and the other is the inverse dynamic problem. The direct 
dynamic problem is to caculate how each joint moves such as joint angles, velocities, 
and accelerations under application of a set of joint torques or forces, which is useful 
for simulating the manipulator. The inverse dynamic problem is to compute the
required joint torque or force for a given joint trajectorys ( position 0, velocity 0,
and acceleration 0 ), which is useful for the problem of controlling the manipulator.
Using Eq.(2.17), the procedure of the inverse dynamic problem in one—link 
elastic robot is to solve the lower part of Eq.(2.17) to determine the generalized
coordinates q^q^qi and then to substitute them to the upper part of Eq.(2.17) in 
order to obtain the actuator torque history r which is needed to drive the link.
2.6 Dynamic Simulation of One-link Elastic Link
15
A flexible body may be regarded as being composed of an infinite number of 
particles, having an infinite number of degrees of freedom, therefore the system has 
infinite number of vibration modes. However, it is not realizable to include infinie 
number of vibration modes in dynamic equations. In most of robotics applications, 
it is an usual practice to neglect higher modes of vibration. Therefore, an one—mode 
and two—mode approximation are going to be derived and compared in following 
two subsections.
2.6.a One—Mode Approximation
In this section, the detailed derivation of equations of motion using 
one—mode is presented and will be compared with two—modes approximation in 
section 2.7 to check the validity of one—mode approximation, which gives relatively 
simple form of dynamic equations of motion.
For a one-mode case, the link deflection can be expressed as
w(r,t) =  7(r) q(t) (2.18)
Referring to Lagrange’s equations (2.1), there are only two independent coordinates 
0 and q in this case. In other words, the generalized coordinates p becomes,
P =  H  q }T
and, generalized force F becomes,
16
F =  { r ( t ) , 0 } 1
where, r(t) represents joint torque. Thus, the Lagrange’s equation can be rewritten 
as :
d dT  ‘ dT
d t d'e ~ d 0
d ' dT dT
d t
.
d q
dV
+  - ~ d J ~ = T W (2.19)
(2 .20)
Based on the above equations, using Eq.(2.14),(2.15), the dynamic equations of 
motion can be easily obtained in the form of,
A1 q + A2 qq +A3 q +  A4 q +  A5 =  r 
B1 q + B2 q -(- B3 =  0
(2 .21)
(2 .22)
where, the coefficients are
Al =  /? r 7 dr +  m  ^t(^) 
J0
I
A2 = 2 # (/? f 72 dr +  m 72^) ) 
J n
A3 = 0 m i , l )  +  [ -m  g t(^) -  p g [ 7 dr ] si
J n
n#
17
A4 =  0 p [ 7  ^dr 
J n
A 5 =  6 ( \ p  f t  +  m.P‘ ) +  { \ p g P ‘ +  m g ^) cos#
B1 =  p 7  ^dr +  m ^{£)
•2 I I
B2 =  0 [—p [ 7  ^dr — m 7^ ) ]  +  E I [ (7")  ^dr 
J n  J n
. . I  I
B3 =  0[  p \ r 7 dr +  m  ^7 (£) ] +  g [ m 7( )^ +  p [ 7 dr ] cos(0)
Jq j 0
2.6.b Two—Mode Approximation
Similarly, for the two—modes motion analysis, the link deflection can be expressed 
as,
w(r,t) =  7j_(r) • qx(t) +  72M  • q2(t) (2.23)
Also, generalized coordinates p becomes
— TP =  { 0, qp  q2 }
and generalized force F becomes
18
F = { r(t), 0, 0 }T
The two modes dynamic system can be expressed by three equations,
d ' dT d T d U
d t d'e dO
t dd
d ' dT  ' dT dU
d t
. d q v
d q x t d q x
d dT  ' dT dU
d t
d *2-
d q 2 *r d q 2
=  T(t)
=  0
=  0
Using Eq.(2.14), (2.15), the above equations become,
r =  A1 qj +  A2 q2 +  A3 q ^  +  A4 q1q2 +  A5 q ^  
-f- A6 q2q2 +  A7 q^ 2  -b A8 q^  +  A9 q2 +  A10 q^  
+  A ll q2 +  A12
B1 qj +  B2 q2 +  B3 qj +  B4 q2 +  B5 =  0
Cl q^  +  C2 q2 +  C3 q^  +  C4 q2 +  C5 =  0
where,
(2.24)
(2.25)
(2.26)
(2.27)
(2.28) 
(2.29)
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A2 =  p J r 72 dr +  m I 7 {^l)
£
A3 =  2 0 p J  7 ^  dr +  2 9 m 7 ^ )
A4 =  A5 =  2 0 p j 7  ^ dr +  2 Ova. 7^ )  72(^ )
A6 =  2 0 /? J  7 2 d r  +  2 0 m 7 2 ( ^ )
A7 =  2 0 [p J  7 x  7 2  dr +  m 7 ^  7 2 ( ^ ) ]
A8 =  -s in 0 (m g 7 ^ )  + p g J  7 X  dr)
A9 =  -s in 0 (m g 7 ^  + p g J  7 2  d r )
A10 =  0 p J 7^dr +  0 m 7^(£)
A ll =  0 p |  722dr +  0 m 722( )^
A l2 = i / 0 ^  +  m ^  f l + ^ p g *2 +  m g i) cos 0
B1 =  P J 7i2dr + m j *(£)
20
f t
S2 =  p J 7X 72 dr +  m 71(/) 72(^ )
B3 =  0 ( -p  Jq Tl2dr -  m 7 l2« )) +  E I J (7J)2 dr
,2 i  i
B4 =  0 {-p J 7: 72 dr -  m 71(^72(^ ) ) +  E 1 Jq 72 dr
I I
B5 =  0 [p J  r 7X dr +  m I 7^ ]  +  cosfl (m g 7^ )  + p g J  ^  dr)
C l =  B2
£
C2 =  p |  72 dr +  m 72(^ )
C3 =  B4
•2 I I
C4 =  0 [ - p j  722d r - m  722W] +  E l J  (72)2 dr
I t
C5 =  0 [ p r 72 dr +  m I ^ ( f )  ] +  (mg 72(l) +  P S JQ 72 dr) cos0
2.7 Cases Study — Comparison of One—mode & Two—mode Cases
The dynamic equations of motion including one—mode and two—modes of
21
vibration have been accomplished in the previous sections. In order to verify the 
importance of each vibration mode, the comparison between one—mode and 
two—modes cases is worked out. As a numerical example, a manipulator with the 
following dimensions and material is considered. The arm is made of ASTM steel 
solid round beam with the following properties;
Modulus of elasticity (E) =  207 GPa 
Density =  7860 kg/m**
Diameter of link (D) =  0.0463 (m)
7T D 4 ,
Area moment of inertia (I) =  ---------------=  2.2558E—7 (m )
6 4
Other simulation parameters are,
mass at tip of link (m) =  2.0 kg 
the length of link (^ ) =  1.0 meter 
total time of motion (t) =  1 second 
total time of analysis (tf) =  1.5 second 
initial joint angle position (0j) =  0.0 degrees, 
final joint angle positio (0f) =  90.0 degrees.
For computer simulation, the Bang—Bang type of joint acceleration is used. 
A corresponding plots of position and velocity are illustrated in Fig.(2.3). The 
Fig.(2.4) shows the plot of admissible function 7  ^ and 72 based on the cantilever 
beam approximation of one—link robot model [ 9 ]. The selected responses of the 
end point deflection in one and two modes cases are shown in Fig.(2.5),(2.6)
22
8 .0 0 0
acc.
•O
"a 4.000
vel.
pos.
vq -4 .0 0 0
0.50 1.00 1.50
Time ( s e c )
Figure 2.3 Bang-Bang Type Joint Angle 
Trajectory
1.50
1.00
/2nd mode0.50
1st mode
0.00
-0 .5 0
- 1 . 0 0 + n
0.00 0.800.20 0.40 0.60 1.00 1.20
Normalized Link Length
Figure 2.4 First Two Vibration Modes 
Shape of Cantilever Beam
23
One link Sc one m ode c a s e  ( m =  2 . kg )
0 .1 5  q
□ 0.05
q- - 0.00
Q -0 .0 5  c
- 0.10
-0 .1 5  a
- 0.20
0.500.00 1.00 1.50
Time ( s e c )
Figure 2.5 Link Tip Deflection of One-Mode Case 
with m=2kg
0.15
One link & Two mode case ( m = 2.0 kg )
0 . 1 0  -
m  0.05 1
a> o
5' -°-00 3
g  -0 .0 5  C
- 0 .1 0
-0.15 c
- 0.20
0.00 0.50
- i — l— l— i— i— i— i— — r -  
1.00
Time ( s e c )
1.50
Figure 2.6 Link Tip Deflection of Two-Mode Case 
with m=2kg
24
respectively. Note that the responses of two modes contains higher frequency 
components compared with the one—mode response. The deflection of the 
two—mode case is composed of q ^  and q272, where q272 is the higher frequency 
term. Figure (2.7) shows the plot of qt and q2 which indicate that the high 
frequency component of the two-mode case was caused by q2 term, as shown in 
Fig.(2.8). The Fig.(2.9),(2.10) represent the required joint torque history calculated 
by Eq.(2.21) and Eq.(2.27).
In the second illustration example, the simulation data remain the same as in 
the first example except that the payload is increased to 15 kg. The responses are 
shown in Fig.(2.11),(2.12),(2.13),(2.14) and (2.15).
2.8 Conclusions
In this chapter, the dynamic equations of motion of elastic one-link 
manipulator have been derived by the method based on Lagrangian Mechanics along 
with computer simulation. From the deflection plot of one-mode and two—mode 
cases, we can conclude the simple one—mode model can be utilized to determine the 
optimum joint trajectory planning instead of using complex two—mode model.
q1 
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& 
q2 
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25
One link S c Two m ode c a s e  ( m =  2 .0  kg )
0.0006
0.0004
0.0002
0.0000
- 0.0002
-0 .0 0 0 4  -E
■0.0006
-0 .0008
o.co 0 .5 0 1.00 1.50
Time (sec)
Figure 2.7 Generalized Coodinates q1 & q2 in 
Two-Mode Case with m=2kg
One link <5c Two rnode cose ( m «  2.0 kg )
1.0E-005 n
5.0E-006
-I.7 E -0 2 1
-5 .0 E -0 0 6  -j
- I .0 E -0 0 5
- I .5 E -0 0 5  -
-2 .0 E -0 0 5
1.000 .5 0 1.500.00
Time (sec)
Figure 2.8 Enlarged q2 of Figure 2.7
26
One link & one m ode c a s e  ( m =  2. kg )
200.0
100.0
-HO
n
ca> 0.0
- 200.0
-3 0 0 .0
0.00 0.50 1.00 1.50
Time ( s e c )
Figure 2.9 Actuator Torque of One-Mode Casa 
with m=2kg
One link & Two mode case  ( m = 2.0 kg )
:oo.o
100.0
0.0
- 200.0
-30 0 .0
0.00 0.50 1.00 1.50
Time ( s e c )
Figure 2.10 Actuator Torque of Two-Mode Case 
with ra=2kg
D
eflection 
(cm
) 
D
eflection 
(cm
27
One link Sc on e  m ode c a s e  ( m  =  15 kg )
0.40
0.20
- 0.00
-0 .4 0
-0 .5 0  : -  
0.00 0.50 1.00 1.50
Time ( s e c )
Figure 2.11 Link Tip-Deflection of One-Mode Case 
with m=15kg
One link Sc two mode case  ( m =  15 kg )
0.40
0.20
- 0.00
-0 .4 0
-0 .6 0  - -  
0.00 0.50 1.00 1.50
Time ( s e c )
Figure 2.12 Link Tip Deflection of Two-Mode Case 
with m=15kg
On
e 
lin
k 
& 
two
 
mo
de
 
co
se
28
o
run
cn
Lf)
oh o
o
-m
- o
I i t t  i i i i i i | i i i i i i i i i | i i i i i i 1 i i | i i i i m  i i | i i i i r "i  m i "
oN*oo
oCMoo
oooo
o
CNoo
o
oo
q1 ( d a s h e d )  Sc q 2  (sol id)
o  -o
O O
CDoO
d
I
Figure 2.13 Generalized Coodinates q1 & q2 in Two-Mode 
Case with m=15kg
Ti
me
 
(s
ec
Torque 
( 
Nm 
) 
Torque 
(
One link Sc one m ode c a s e  ( m =  15 kg )
600.0 q
400.0
- 2 0 0 . 0  t
-4 0 0 .0
-6 0 0 .0
0.00 0.50 1.00 1 .5 0
Time ( s e c )
Figure 2.14 Actuator Torque of One-Mode Case 
withm=15kg
One link Sc two mode case  ( m = 15 kg )
600.0 q
400.0
200 .0
0.0
^ - 200.0
-4 0 0 .0
-6 0 0 .0  ^
-8 0 0 .0
0.50 1.00 1.500.00
Time ( s e c )
Figure 2.15 Actuator Torque of Two Mode Case 
with m=15kg
30
CHAPTER THREE
Optimal Joint Trajectory Planning 
for One-Link Case
3.1 Problem Formulation
Trajectory planning can be conducted either in the joint—variable space or in 
the Cartesian space. For joint—variable space planning, the time history of all joint 
variable (position) and their first two time derivatives (velocity, acceleration) are 
planned to describe the desired motion of the manipulator. For the Cartesian space 
planning, the time history of the manipulator hand’s position, velocity, and 
acceleration are planned, and the corresponding, joint positions, velocities, and 
accelerations are derived from the hand information.
For a robot with rigid links, the joint—variable space scheme is usually easy 
to implement because the trajectory planning can be done directly in terms of the 
controlled variables during motion. Among the joint space schemes, the cubic 
polynomial and the linear function with parabolic blends are popular choice for a 
robot with rigid links [ 3 ]. However, the joint trajectory of an elastic robot needs a 
certain trajectory which excites the minimum vibration during and after the joint
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motion. Two joint motion profiles of the cycloidal motion and Bang—Bang 
acceleration profile are considered for one—link elastic arm with an inflection point, 
which is the switch point from acceleration to deceleration, as a design variable.
3.2 Cycloidal Trajectory
Moving a robot arm from one position to another position for a specified time 
by a simple straight-line path with respect to time axis is not desirable if we 
consider the boundary conditions of the trajectory, the velocity and acceleration 
have to be zero at both starting and end positions. One desirable joint trajectory is 
the cycloidal motion which satisfies the given boundary conditions.
The cycloidal motion can be assumed to be composed of two rotated 
sinusoidal curves as show in Fig.(3.1). The initial and final tangents of the 
trajectory should be zero in order to insure the smooth motion at initial and final 
positions of the manipulator. The considered position function vs. time is shown in 
Fig.(3.1) where ’r’ is the time of the inflection\switch point which defines the entire
path [ 7 ].
From Fig.(3.1), the path of cycloidal motion can be expressed as:
y 2 7T t
for 0 < t < t Y = t — A. sin (3.1)r
y 2 t —r
for r <  t < tf t +  A2 sin( - t tt) (3.2)
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where,
t is the time of the inflection point which defines the entire 
path.
t  ^ is the time of the entire path.
The coefficients A t and A2 can be calculated by applying the boundary conditions 
o f :
dY
( i )  at t  =  o =  0
dY
(2) at t =  tf —g-j—  =  0
Using equation (3.1) and (3.2),
t y 2 y a ( 4 f ~ T )
A. =  —- —:-----  and A, = ---------- —i---------
1 7T t f  1 7T t j
The velocity and acceleration can be obtained by differentiating Eq.(3.1) and 
Eq.(3.2),
for 0 <  t < t
A > *  5T t
Y =  - t - -------   cos------ —  (3.3)
7T 2 7T t
Y =  A, (— ) sin(   ) (3.4)
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for t < t <  tf
y  2 A 2 7T
(3.5)
7r 2 t —r
(3.6)
It should be noted that velocity and acceleration continuity at t =  r can be 
verified using Eqs.(3.3), (3.4), (3.5) and (3.6). Fig.(3.2) shows some typical 
cycloidal motion trajectories with varying switching point ’r \
3.3 The Equation of a Bang—Bang Trajectory
In this section, a Bang—Bang trajectory with varying switch points is used 
and compared with the cycloidal motion trajectory. Using the same principle as the 
preceding section, the equations of the Bang—Bang trajectory can be simply 
obtained as follows, as shown in Fig.(3.3b),
for 0 < t < r
(3.7)
(3.8)
(3.9)
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for r < t < tf
Y = y 2
y 2
r —t
( t f t ) (3.10)
Y =
y 2
r —t
(3.11)
Y =
y 2
r —t
(3.12)
3.4 Comparison of Cycloidal and Bang—Bang Motion Trajectory
In the previous sections, the equations of the cycloidal and the Bang—Bang 
trajectory were derived with varying switching points. In this section, the
end-point deflections of one—link robot arm driven by the Bang—Bang and the 
cycloidal motion trajectories are compared with varying switch point ’r’. 
Fig.(3.3.a,b) show the position, velocity, and acceleration vs. time when r  equals 0.4 
and 0.6 respectively. Obviously, the cycloidal trajectory presents a smoother motion 
profile compared with the Bang—Bang profile with larger peak acceleration.
As an illustrative example, the dynamic simulation using the cycloidal and 
the Bang—Bang trajectory is done using the same data as in section 2.7 except that 
the payload is replaced with 15 kg. As shown in Fig.(3.4) and (3.5), the link 
vibration with cycloidal motion trajectory is less oscillatory compared with that of 
Bang—Bang trajectory. As a result, the optimal trajectory planning will be 
performed based on the cycloidal motion trajectory.
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The plot of the maximum amplitude of link vibration during and after joint 
motion ( 0° to 90° ) for different switch point is shown in Fig.(3.7) where the 
dashed line represents the maximum deflection of end—effector during the motion, 
and the solid line indicates the maximum deflection after the joint motion stops.
Fig.(3.6) and (3.8) are the same plot as Fig.(3.4) and (3.7) except the 
reversed joint motion, i.e. the joint angle moves from 90 degrees (vertical position) 
to 0 degree (horizontal position).
3.5 Optimal Solution Search
As shown in previous sections, the optimization problem becomes the 
unconstrained case with a single variable
Minimize ; U =  Max (w)
or U =  Max (w)
0 < t <  tf 
t ^ tf
F ind; r
where (0 < r < 1) if normalized or (0 < r < tf)
If the object function U is continuous and differentiable, the optimum solution can 
be readily found by differentiation;
d u
=  0d r
0.
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However, U is not differentiable in our case. The Golden Section Search method [12] 
is used to locate the optimal solution.
The region of Golden section search is divided by two points ( a and b ) 
placed at a distance of 0.618 of the total region from each end as shown in Fig.(3.9). 
The result of the first step in the given example is to guide the search into the 
region between points ( a and 1.0 ). Again two points ( c and b ) are placed in the 
region at a distance 0.618 from each end. Notice that point b is one of the points 
satisfying the interval division rule and only the value at point c needs be 
calculated. This is repeated until the required interval of uncertainty is reached.
It should be noted that the 0.618 number provides the rule for requiring only 
one new functional evaluation in each step and it is called the Golden Section 
Number. In this method only one calculation is necessary to reduce the search 
region to 0.618 of its original value [ 12 ].
Based on Golden section search method, the optimal switch point (the 
minimum point) in Fig.(3.6) and (3.8) has been found at 0.70869023 and 0.33366263 
for the dashed lines respectively. However, the solid line shows several local 
minimum values exist. If we employ Golden Section Search method for the entire 
region, it is hard to converge to the global extreme value. Therefore, the entire 
curve is divided into the several segments based on each local extreme values.
Table (3.1) shows that the optimal trajectory exists when "r" equals 
0.25679886 in Fig.(3.6). Table (3.2) shows the optimal trajectory when "r" equals 
0.25888479 .
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s e a r c h i n g  
o f  s w i t c h
r a n g e  s w i t c h  p o i n t  
p o i n t  ( m i n i  m u m )
amp 1 i t u t e o f  
o s i l a t i o n ( c m )
1O 3 0 . 2 5 6 7 9 8 8 6 1 . 6 9 6  5 0 7 2 4 E - 2
. 3 0 - . 4 0 . 3 3  1 7 4 8  69 2 .  1 5 8 9 7 5 8 4  E—2
. 4 0 -  . 5 0 . 40  6 2 3 0 72 2 .  9 7 5 8 2 7 3 7  E—2
. 5 0 - . 6 0 . 58 9 2 2 2 4 9 3 .  1 3 8 6 9 9 6 9  E—2
. 6 0 - . 70 . 6 6 4 4 3 5 5  1 2 .  1 5 3 7 3  3 7 6 E - 2
. 7 0 - . 8 0 . 7 4 0 0 2 1 3 5 1 . 8 2 3 3 9 9 8 0  E—2
Table (3.1) search sections (0° to 90°)
s e a r c h i n g  r a n g e  
o f  s w i t c h  p o i n t
s w i t c h  p o i n t  
( m i n i  mu m)
amp 1 i t u t e o f  
o s i 1 a t  i o n ( c m )
. 2 0  -  . 3 0 . 2 5 8 8 8 4 7 9 1 . 3 7 8 0 5 4 7 3  E—2
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. 4 0  -  . 5 0 . 4 0 4  1 9 4 9 8 2 .  7 2 5 0 7 1 9 7 E—2
. 5 0  -  . 6 0 . 5 9 3 0 5 8 4 7 2 . 8  0 2 2 8 9 0 9 E - 2
. 6 0  -  . 7 0 . 6 6 9 0 2  1 3 5 1 . 9 6 8 1 7 0 9 1 E—2
. 7 0  -  . 8 0 . 7 4 0  5 5  7 6 7 1 . 7 9 8 2 4 7 6 9  E - 2
Table (3.2) search sections (90° to 0°)
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3.6 Conclusion
Cycloidal and Bang—Bang motion trajectory with varying switching points 
were used on the joint trajectory of one—link flexible robot arm. Cycloidal motion 
trajectory excites less structural vibration than Bang—Bang type trajectory, as 
shown in Fig.(3.4) and (3.5). The optimal joint trajectory based on cycloidal 
motion has been determined by using Golden Section Search method to minimize 
the maximum vibration amplitude during motion and after the joint motion.
This technique can be used for off-line programming of the joint trajectory 
of one-link flexible arm and can be implemented by calculating the joint torque 
using the dynamic equations of motion.
46
CHAPTER FOUR 
Formulation of Dynamic Equations of Motion 
of Elastic Two-Link Robot Arms
4.1 Introduction
The dynamic equations of one-link elastic manipulator have been derived in 
chapter two. In this chapter, the dynamic equations of the elastic two—link 
manipulator will be derived based on the results of one link study using one 
vibration mode. We begin this chapter with a brief discussion of kinematics, and 
then develop expressions for the dynamic equations of motion of two-link elastic 
manipulator using Lagrangian equations.
4.2 Kinematic Analysis
Consider the two—link manipulator shown in Fig.(4.1). The m t represents 
the joint mass and m2 is for payload at the tip of manipulator. 0{ and 02 represent 
the joint angles of link—one and link—two, respectively. wt and w2 represent the
•Ptyr
AJfc
■ast• i c $Ojb,•ot
3 t o .
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deflections of link—one and link—two, respectively. It should be noted that the 
position of link—two depends not only on 02, but also on the tip deflection and the 
slope of link-one.
In Fig.(4.1), the motion of the system can be expressed by two frames. The 
frame ( i t, j t) rotates along joint-one and the frame ( i 2, j 2) located at the end of 
link-one rotates along joint—two. In order to present the dynamic equations in the 
same coordinate frame, the relation between frame ( i t, j J and ( i 2, j 2) has to be 
expressed by ,
i 2 =  cos/? i ! +  sin/3 j t (4.1)
j 2 =  -sin0  i j +  cos/3 j t (4.2)
)
where, P is the sum of joint angle 02 and the slope angle of previous link w t(^) 
which is due to the elastic motion of link—one.
P = 02 + w / ( ^ )
where,
, S w ! ( r j , t )
w i W  =  _
d r t 
(small angle approx.)
Referring to Eq.(2.5) and Fig.(2.1), the position of link-one can be expressed
as,
X i ^ i i i  +  w J i  (4.3)
Similarly, the position of link—two with respect to link-one in ( i 2, j 2) coordinate
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frame can be expressed as,
*21= r2 *2 +  w 2 h  (4-4)
The above equation indicates that the position of link is expressed by two 
components. The first term indicates rigid body position and the second term is 
represents the elastic motion. The absolute position of link—two becomes,
x 2 =  x t +  x21 (4.5)
where,
x2 is the absolute position vector of link—two.
x t is the absolute position vector of link—one.
x21 is the position vector of link—two with respect to link-one.
Substituting Eq.(4.1),(4.2) into Eq.(4.4) yields
x2l =  r2 (cos/? i t+  sin^ j t) +  w 2 (-sin/? i t+  cos/? j t)
or
x 21 =  (r2 co s /? -w 2 sin/?) i x
4- (r2 sin/? + w 2 cos/?) (4.6)
The velocity of link—two are obtained by differentiating the Eq.(4.5) with 
respect to time,
x 2 =  x t +  x21 (4.7)
where, x t can be obtained by differentiating the Eq.(4.3) with rt =  l v
x i =  "w i(*i) °i i 1 +  (A 0i +  w i(£J ) j i (4.8)
Similarly, x21 is obtained by differentiating Eq.(4.6),
x 21 =  ( -w 2 tp cos/3 — r2 <p sin/3 — w2 sin/3 ) i t
(—w2 <p sin(3 +  r2 tp cos/3 +  w2 cos/3 ) j t (4.9)
Substituting Eq.(4.8) and (4.9) into (4.7) yields the velocity of link—two in i t,j t 
frame becomes,
* . A
x2 =  [—w j(^) 0Y — w2 tp cos/3 — r2 tp sin/3 — w2 sin/3 ] • i t 
[lx 0X +  wt(^) — w2 tp sin/3 +  r2 tp cos/3
+  w2 cos/3 ] • j j (4.10)
where,
t p - 9 i +  P or tp =  9t + 02 +  w t ( i j
4.3 Dynamic Equations of Motion
The kinetic energy of two—link elastic manipulator is,
i r^ i J2 i r^ 2 - 2 i J2 
T =  2 J0 /Jxi dr +  2 J 0 /3x2 dr +  2 mi x i(A)
1 - 2
+  2 m2 *2(^2)
Substituting Eq.(4.8) and (4.10) in Eq.(4.11) yield,
£
T = \ p \  ^ w i2 V  + (ri 1^ +  wi)2 ] drj 
J0
r t1 f 2 r 2/ ^  o 2 2 - 2 2 - 2  ' 2+ 2^J [ w ! (*1) + W 2 <P + r 2 tp +  w2
4- 2 w t(^) w2 0t cos/3 tp 4- 2 Wj(^) r2 0l tp sin/3
+  2 w j(^) w2 sin/3 4- 2 r2 w2 tp 4- ^ 2 0j2
4- Wj2(^) 4- 2 ^  4- 2 £t 0t r2 tp cos/3
— 2 l l Ol vi2 tp sin/5 4- 2 ^  w2 cos/3 4- 2 w,(^)
r2 tp cos/5 — 2 wt(^) w 2 tp sin/5
4- 2 wt(^) w2 cos/5 ] dr2
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(4.11)
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+  |  m i [ w t V t )  K  +  I ?  Oy +  W y { l y )
+ 2 i y O y  V f y ( t y )  ]
+ \  m2 [ W l\A ) +  W2 V2) V +  l 2 V
+ w22(4) +  2 w t(A) W2( 2^) \  COS0 v + 2 w l(A) 
l 2 Oy <p sin/? 4- 2 w y(£y) w2(i2) Oy sin/?
+  2  l2 W 2(^ 2) ip +  +  W j (£y) +  2  ly  ffy
Wy( i y )  +  2  l y 0 y l 2 tp COS/3 ~ 2 l y  dy W ;;(£ ;)
tp sin/? +  2 ^ w2(f2) cos/? +  2 wt(ft)
f2 p cos/? -  2 w 1(^ 1) w2(4 ) v? sin/?
+  2 wi( i^) w2(^2) cos/3 ] (4-12)
And the total potential energy composed of the links strain energy and the 
gravity field effect can be represented as,
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I
U =  ^ j 1 E I w j"2 drt + mj g [ w 1(^1,t) cos^ +  sinflj ] 
J n
r 1+  P 6 [w i(ri,t) cos^! +  rt sin^j ] dr! 
J n
i r 2 2
+  2 E I w2" dr2 +  m2 g [ w 2( 2^,t) cos£ +  £2 sin£ 
j n
+  w cos0t + l { sin0t ]
r^2
+  P S [ w 2(r2»t) cos£ +  r2 sin£ +  w l ( M )  cos i^ Jn
+  £t sin0t ] dr2
where,
£ =  0i +  V
i vl 2 are the length of each link. 
m1,m2 are the joint mass of each link. 
p is the mass per unit length,
g is the acceleration of the gravitational field.
E is the modulus of elasticity.
I is the area moment of inertia.
(4.13)
We can substitute Eq.(4.12), (4.13) to the Lagrange’s equations to determine 
the equations of motion. To apply the assumed mode method with one vibration
mode, we can express the link deflection w t, w2 as,
Wi tM)  =  fli(t) 7i(ri) 
w 2(r2,t) =  q2(t) 72(r2) 
w i =  Qi(t) 7i (rt)
II It
w 2 =  q2(t) 72 (r2)
where,
qt(t) is time dependent generalized coordinates of the first link.
7 ^ )  admissible function of the first link
q2(t) is time dependent generalized coordinates of the second link.
72(r2) admissible function of the second link
Referring to Lagrange’s equations (2.1), the continuous system in this case is 
treated as four degrees of freedom system with generalized coordinates { d1,^2,q1,q2}.
In other words, the generalized coordinates P of the system becomes
P =  { i^>^ 2>fl l)fl2}
and generalized force F becomes,
F =  { rt(t), r2(t), 0, 0 }T
where,
is actuator torque for joint-one. 
r2 is actuator torque for joint—two
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Thus, the Lagrange’s equations can be rewritten as,
d ' 5T 5T
+
5U
d t
. 1.
5q  ! 5q !
d ' 5T 5T 5U
d t
. d k 2J dq 2
*r d q  2
d ' 5T ' 5T 5U
d t
9 0  1.
5 0 T* 5 0  t
d dT  ' 5T 5U
d t 9 0 2. dO 2
-r 5 0  2
=  0
=  0
= r t(t)
=  r2(t)
(4.14)
(4.15)
(4.16)
(4.17)
Substituting Eq.(4.12), (4.13) to Eq.(4.14),(4.15),(4.16),(4.17) yields the 
following four equations. Then the Eq.(4.14),(4.15),(4,16) and (4.17) can be 
expanded as below, respectively.
P Qi [ 1 l i  drt + p~0 A  1 rt drt 
JO J0
i r i 2 2 2 > "
+  P { 2 2^ ia V 7i(A) Jn T2 dr2 +  q2 7 ^ )  (02
+  <li Ti{^i))J
+  w ^/j) q2 cos0  71(^ 1) J  2 72 dr2 +  w t(^ ) q2 0l cos/3
I I
TiUd J  2 72 dr2 +  w t( ^ )  q2 0t cos/3 7 ^ )  J  2 72 dr2
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1 2 . 2  •
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+  w t  q 2 s i n /3 7t ( A )  ]  J q2 72 d r 2 }
.  2
-  m i w i 7 i(A) 01
.  2
- m 2 { w t 7 t(A) 0t +  7i(A) w 2 01 C0SP  ’P
-  w t  w 2 0{ s i n /3 7t ( A )  y ?  +  7i ( A )  A  t f i  s *11/3 ip
+  w t  A  0i  c o s /3 ip 7j ( A )  +  7 1 ( A )  w 2 s i n /3
• * " . >
+  w  t w 2 0t  c o s /3 7t ( A )  -  A  A  01 <P s i n /3 7i ( A )
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-  wj w2 sin/? 7 ^ )  }
r ^ i  ii 2
+  E I <li (7 i ) d r i +  m i S 7 i(^ ) cos^i 
J 0
f ^ i  >
+  p g COS0J 7i d r i +  m 2 g [ —w 2 s i n ^ + p )  7i(A)
J 0
+  l2 c o s ^ + p )  7iU i )  +  7 i (A )  c o s 0 i ]
£
+  p g [—sin(01+ ^ )  7i(A) q 2 I 2 72 d r 2
J 0
+  i  i] cosiOj+ip) 7  ’{Q  +  7 ^ )  c o s ^  t2 ] =  0 
r£ 2 2 ’
p [ q 2 72 d r2 +  (w t 0 { w 2 sin/? +  w t sin/?
0
+  0 X w t cos/? £>) J ^ 27 2 d r2 +  ( 02 +  q t 7 ^ ) )  J  2 r 2 7 2 d r2 
+  (tx cos/? — ^  sin/? v? +  q !  7 ^ )  cos/?
J0
+  m 2 [ 72(^2) °i sin@ + w  1 72(4 ) s*11/? +  w  1 72( ^ )
cos/? VP +  l2 7 2( / j )  ( 02 +  qt 7 i (A ) )  +  A  K cos0  72( 4 )
-  ^  0t sin/? 72(^2) V? +  qt 7i(*i) 72(4 ) cos/?
* ' 2
-  wt 72(4 ) P sin/? +  q2 J2 (i2) ]
2 r^2 2 " . " .
- P { q 2 ^  72 d r 2 +  ( w i  0t cos/? i ? -  ^  0t sin/? £p
J0
J0
2
-  m2 (w2 72(^ 2) V +  w i 72(^ 2) *i cos£ V?
-  l x 0t sin/? 72(^2) V> -  w t sin/? p 72(^)
(4.18)
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r A  " 2
(7a ) d r 2 +  m 2 g 7a(A) cos(A + <p)
0
I ,
+  E I q2
+ p g cos(A +p) J 2 72 dr2 =  0
‘ r ^ i  2 2 -  r ^ i  2
9 { 2 Qi 4i ° i \  7i drt +  qt drt
Jo J0
£
+  J 4 ^ i +  Qi f 1 Ti r! drt }
J 0
2 ** . r 2
+ p { 2 w t w t &J +  w t + wt cos/? y?q2 72 dr2
J0
r A 2 f A+  w ! q2 cos/? ip 72(4 ) dr2 — w ! q2 sin/? ip 72 dr2 
JO J0
+ w !  q2 cos/? v ?  J  *72 dr2 + 1 l2 w t 97 sin/?
1 2  .. .. j 1 2 . 2
+  2 A w i sin/?(02 +  qt 7^ ) )  +  j  A w t ip cos/?
fA+  [wj q2 sin/? +  w t qt sin/3 +  w 2 q2 cos/? 97) 72 dr2
J0
+ A 02 A qi 7i(A) 2 A A ( A 1^ 7i(A)) cos/?
- 1A *2 - [A V3 + A 92 (^2 + q 1 7i(A)) s*11/3
+ A q2 cos/? -  A q2 cos/? +  A q2 ip sin/? ] J 27 2 dr2 }
+ m! (2 w t Wj ^  + Wj2 0 { + A2 A  + A Qi 7i(A) )
* 2 *# •+  m 2 { 2 w j w t 0 X +  w ( +  w t w 2 cos/? p  +  w ,w 2 cos/? ip
• 2 > • .
- W [ W 2 sin/? +  W jW 2 cos (3 ( 0 2 +  q t 7 t(A)) +  w t A y?sin/?
•• •• ) f n m %
+  Wj A sin/? ( 02 +  q t 7 t(A)) +  w t A V3 cos/? +  w 2 w2 sin/?
+  w i Qi 72(A) sin/3 +  w i w2 cos/? </? +  ^  A +  A q t 7 t(A)
** ** * *2
+ a A  (A  + qt 7i(A)) cos/?— a A v3 s*n^ ~ A ^ 2 v3
(4.19)
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—  / i  w 2  {02 +  q t  7 ^ / j ) )  s i n /3 -  ^  w 2  < p  c o s /3
+  A  < 1 2  72 ( ^ ) )  c o s /3 -ltvf2ip s i n /3 }
[A o
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“  w t sin i^ + 1^ 2^ cos^ i) — r i(t)
I I
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+  5  4  ( ^ 2  +  Q i  7i ( A ) )  +  [  w t  q 2  0l c o s /3 +  w  t  q 2  0X c o s /3
f ^ 2
+  w t  q 2  0X c o s /3 - W j  q 2  0i ip s i n / 3)  7 2  d r 2
J0
+  ^  W j  i2 0t s i n /3 +  ^  w  j  ^  s i n /3 +  81 c o s /3 p
d "  2  4  ^ 2  7 2 ( ^ 2 )  d -  2  ^ 1  4  ^ 1  c o s / ?  —  2  ^ 1  4  ^ 1  s i n /3 tp
— [ i i 0 l q 2  s i n /3 +  lY 0 i q 2  s i n /3 4- £t 9{ q 2  c o s /3 ip
r t 2
d -  Q t  7i ( * i )  q 2  siaP + w t  q 2  s i n /3 +  w t  q 2  c o s /3 < p  ]  7 2  d r 2
J0
d -  Q i  7i ( ^ i )  j  4  c o s / ?  ~  5  4  s i n /3 ip ]
d -  m 2  {  2  w 2  w 2  ip +  w 2 2  ( 0 2  +  q t  7 ^ ) )
+  4  (°2 +  Q i  llQ) + w t  W 2 & !  cos/3 +  w t  w 2  0 t  cos/3 
4- w t  w 2  0 t cosp — w t  w 2  0t sin/3 ip 4- Wj l2 0 l sin/3 
4- w  t  l2 0t sin/3 +vrt £2 0 cos/3 ip +i2 q 2  7 2 ( ^ 2 )
(4.20)
61
+  l 2 0i cos/? — l 2 0t sin/? tf? — 0t w 2 sin/?
— l t 0t w2 sin/? — w 2 cos/? 9? +  qt 7 ^ )  ^  cos/?
— wt l 2 sin/? tp — q t 7 / ^ ) )  w2 sin/? — wt w2 sin/?
— w w 2 cos/? tp }
— P { -w  t 0 i q2 ip sin/? J  *72 dr2 +  i  w t ^  0t 9? cos/?
+  W[ q2 ^  cos/3 J %2 dr2 — ^ ^  ^ ip sin/?
- t ^ O ^ i p  q2 cos/? J ^ 27 2 d r2 -  q 2 sin/? J  27 2 d r2
— i  w l ?2 ip sin/? -  w t q2 9? cos/? J  *72 d r2
— w t q 2 sin/? J  27 3 d r2}
— m2 { —w j w2 0! sin/? ip + w t f2 0 X ip cos/? 4-w t w2 0 t cos/?
— ^  l 2 0 V ip sin/? — £l 0 l w 2 ip cos/? — w 2 sin/?
— w t f2 9? sin/? — wt w2 ip cos/? — wt w2 sin/? }
+  m2 g [ w 2 sin(<?!+(p) +  f2 cos(^+9?) ]
- / > g s i n (  Ox+tp) q2 1  ^ 2
+  \ ? 2 c o s ^ + p )  pg =  r 2(t)
These equations can be written in matrix form as,
(4.2)
(4.22)
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where,
M(fli,qi) is the inertia matrix.
Oi are the joint angle of link i .
qj are time—dependent generalized coordinates of each link i.
Tj are the joint torque of each link i.
4.4 Conclusion
In this chapter, the dynamic equations of two—link elastic manipulator have 
been formulated using Lagrange’s equations along with the Assumed modes method. 
The results show that the system consists of four coupled nonlinear differential 
equations.
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CHAPTER FIVE 
Joint Angle Trajectory Planning of Two-Link Case
5.1 Introduction
In the previous chapter, the dynamic equations of two elastic robot arms 
were derived using Lagrange’s equations. In this chapter, the dynamic simulation of 
elastic two—link manipulator is presented using cycloidal joint motion trajectory. 
Basically, finding the optimal joint trajectory for the two links case is based on the 
same process as the one-link case in chapter three except that two switch points are 
involved rather than one. In this chapter, the approximate solution for the optimal 
joint trajectory for joint—one and joint—two are determined from the contour plot of 
the cost function for illustrating purpose.
5.2 Computer Simulation
(a) Case Study 1
In this case, the computer simulation is done when link-one and link—two 
move from 0° to 90° respectively as shown in Fig.(5.1). All the arms are made out
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of ASTM steel solid round beam, with a modulus of elasticity (E) of 207 GPa, and a
3
density of 7800 kg/m . The diameter of cross-section of both arms (D) are 0.0463
4
(m), hence, the moment of inertia (I) can be obtained as 7T-D /64 =  2.25576358E—7
4
(m ). The length of link-one is 1.26 (m), and link—two is 0.935 (m). The mass of 
link—one is 16.67418 kg, and link—two is 12.37330 kg. The normalized switch point 
Tj and r2 of each joint motion are set to 0.5 . The payload of each link is mt =  m2 
=  0 kg. The total time of joint motion (tf) is 1.0 (sec), and the total time for 
analysis is 1.5 (sec). This means that after one second both links keep vibrating 
under no damping condition. These simulation parameters are applied to 
Eqs.(4.18), (4.19), (4.20), (4.21).
o = = = = = = = r
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I n i t i a l  P o s i t i o n  F i n a l  P ositio n
Figure (5.1)
The results of the computer simulation are presented as follows:
First link response reading
Fundamental frequency =  10.27627277 (Hz)
Static deflection =  -0.36990324 (cm)
Max. torque input =  1304.48242187 (nt-m)
Max. deflection =  0.526044844 (cm)
65
The second link response reading
Fundamental frequency =  37.37010193 (Hz)
Static deflection =  -0.02749008 (cm)
Max. torque input =  675.9397583 (nt • m)
Max. deflection =  0.25789542 (cm)
Figures (5.2) and (5.3) illustrate the torque and deflection plots of link—one 
and link—two when their payloads are zero. The dashed line, link-one, indicates a 
bigger input torque and deflection than the solid line, link—two. This is due to the 
mass of link—two, which is attached to the end of link—one. Also, this explains why 
link-one has a lower fundamental frequency and a bigger static deflection in 
Fig.(5.3).
(b) Case Study 2
In this case, the same simulation parameters are used as the case study 1 
except the initial and final joint angles. The initial joint angles of each link are 01 { 
=  -90°, 02i =  0°, and the final joint angles are assigned 0lf =  0°, 02{ =  90°, as 
shown in Figure (5.4).
n
I n i t i a l  P o s i t i o n
Figure (5.4)
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Figure 5.2 Actuator Torque of Joint-One & Joint-Two
( case one )
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Figure 5.3 Link Tip Deflection of Link-One & Link-Two
( case one )
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There is no lumped mass at the end of each link, in other words m t =  m2 =  0 
kg. The normalized switch point r l and r2 of each link are set to 0.5 in this case. 
The total time of joint motion (tf) is 1.0 (sec), and the total time of analysis is 1.5 
(sec). The results of the computer simulation are presented as follows:
First link response reading
Fundamental frequency =  10.27627277 (Hz)
Static deflection =  0.0 (cm)
Max. torque input =  659.70159912 (nt-m)
Max. deflection =  0.217435719 (cm)
The second link response reading
Fundamental frequency =  37.37010193 (Hz)
Static deflection =  0.0 (cm)
Max. torque input =  142.65391541 (nt-m)
Max. deflection =  0.0964240986 (cm)
Fig.(5.5) represents the deflection of each link tip point. As shown in 
Fig.(5.5), there is no static deflection in both links at initial configuration. After 
joint motions stop, the first link oscillate about —1.15 (cm) position and the second 
link oscillate about zero position. Fig.(5.6) shows the required joint torques which 
is smaller than the torque of case 1.
(c) Case Study 3
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Figure 5.5 Link Tip Deflection of Link-One & Link-Two
( case two )
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Figure 5.6 Actuator Torque of Joint-One & Joint-Two
( case two )
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In this case, the effect of changing payload at the end of each link is 
investigated by using the payload of m t =  2 kg, m2 =  5 kg. The rest of simulation 
parameters are kept the same as the case 1 .
First link response reading
Fundamental frequency =  8.64084911 (Hz)
Static deflection =  -0.55208915 (cm)
Max. torque input =  1663.48095703 (nt-m)
Max. deflection =  0.886527542 (cm)
The second link response reading
Fundamental frequency =  23.12627792 (Hz)
Static deflection =  -0.05711308 (cm)
Max. torque input =  891.3827515 (nt-m)
Max. deflection =  0.48741079 (cm)
Figures (5.7) and (5.8) shows the plot of torques and deflections of link-one 
and link—two respectively. Referring to the simulation results of the one—link case 
in chapter two, increasing the payload at the end of link increases the link deflection 
and decreases the fundamental frequency. Simulation results are as expected when 
we compare Fig.(5.7),(5.8) with (5.2) and (5.3).
5.3 Position Error Analysis
In order to measure the elastic manipulator end-effector deviation from the
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Figure 5.8 Link Tip Deflection of Link-One & Link-Two
( case three )
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rigid manipulator end—effector path, the trajectory of deviation in an x—y plane 
must be taken into account. Referring to Fig.(4.1), the position of end—effector for 
a rigid link can be written as:
xrig=  l x cos(01) +  l 2 cos(01+tf2) 
yrig= i x sin(01) +  l 2 sin(01+02)
The position of end—effector for an elastic link can be expressed as:
xg =  i x cos(01) — Axj +  l 2 cos(^) — Ax2 
ye =  i x sin(01) +  Ayt +  l 2 sin(p) +  Ay2
where,
Axt=  w ^ )  s in ^ )
Ayi= w ^ J  cos(<?t)
Ax2=  w2(^2) sin(^)
Ay2=  w2(^ 2) cos(p)
< P =  0 t +  0 2 +  wx’( / t)
Subtract (5.1) from (5.3) and subtract (5.2) from (5.4), the absolute 
(error) in x & y direction becomes :
x =  x„ — x •err e rig
■^ err ~  ^e — ^rig
(5.1)
(5.2)
(5.3)
(5.4)
deviation
(5.5)
(5.6)
Hence, the absolute deviation\error (err) of an end-effector can be obtained as
Fig.(5.9) and (5.10) illustrate the components of end-effector error in the x 
and y directions. Fig.(5.11) shows the total error of end-effector for the case study 
1 and case study 3. where the payloads is changed from O.kg to 2.0 kg and m2 is 
changed from O.kg to 5.0 kg. Fig.(5.12) shows the total error of end-effector for the 
case study 2 .
5.4 Numerical Example for Joint Angle Trajectory Search
The joint trajectory planning for a two—link elastic manipulator is more 
complicated than one—link case. The Golden Section Search method used in chapter 
three is not suitable for two—link case because two design variables are involved. In 
this section, the approximate optimal switch points for joint—one and joint—two are 
determined by using contour plot of cost function. To obtain the accurate optimal 
switch points, any optimization scheme, such as Lattice Search [ 12 ], should be 
employed.
In this specific example, the switch point of link—one is chosen from 0.25 to 
0.94 and the switch point of link—two is chosen from 0.25 to 0.89 with an interval of
0.05. The simulation parameters are chosen as follows :
Link—one :
Link length (^ ) =  1.26 m 
Diameter of link (D^) =  0.0463 m
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Figure 5.9 End-Effector Error in X Direction 
( case one )
0 .010
0.000
e
- 0 . 0 1 0
c
payload:
m 1=m 2= 0 kg (doshed) 
m 1=2 kg, m2=5 kg (solid)
- 0.020
o
<P
-0 .0 3 0
-0 .0 4 0
0.00 0.50 1. 00 1.50
Time ( s e c )
Figure 5.10 End-Effector Error in Y Direction 
( case one )
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Figure 5.12 Magnitude of End-Effector Error (case two)
Stating angle (01j) =  0°
Ending angle (0l£) =  90°
Payload (m^) = 2.0 kg
Link—two :
Link length (^ ) =  0.935 m 
Diameter of link (Dg) =  0.0463 m 
Stating angle (02j) =  0°
Ending angle (02 )^ =  90°
Payload (m2) = 5.0 kg
The material of link-one and link-two has :
Modulus of elasticity (E) =  207 GPa 
Density (p) =  7800 kg/m^
Moment of inertia (I) =  2.25576358E—7
Total time of joint motion of both links (tf) is 1.0 (sec), and the total time of 
analysis is 1.2 (sec), which means that after one second both links are under free 
vibration.
In order to- study the behavior of the end-effector deviations, the problem is 
divided into two parts for the purpose of discussion. One part is the deviation 
during an joint motion, and the other is the deviation after an joint motion (free 
vibration). Each part leads to an important discussion since the first part indicates 
the bending problem of the linkage, and the second part provides a solution to 
improve the accuracy of end-effector when it approaches a target position.
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Fig.(5.13) and Fig.(5.14) show the three dimensional surface and contour 
plots of the maximum deviations during one second motion with various switch 
points. The minimum deviation in Fig.(5.14) can be detected in two spots, one is 
around t1=0.79, 7-2=0.74, one is around 7-1=0.92, t2=0.60 . It means that the 
switch points in these two spots area cause the minimum vibration during joint 
motion.
Similarly, the surface and contour plots for the magnitude of the oscillation 
after the joint motion are illustrated in Fig.(5.15) and Fig.(5.16). The minimum 
value can be identified in the area around r l=  0.87, r2= 0.23. Although it is 
difficult to locate the exact position of the minimum point without any optimization 
technique, we still can utilize these approximate switch points for each joint 
trajectories.
Fig.(5.17) shows the total deviation\error when we apply these two specified 
switch points (0.92, 0.6) and (0.87, 0.23). Comparing the solid and dashed line 
during an joint motion, t < 1.0, the deviation of solid line is smaller than dashed 
line, however, after the joint motion stop, t > 1.0 second, the dashed line presents 
very small deviation than solid line. For practical reason, if we consider the 
accuracy of end-effector, the switch points of link-one and link—two will be chosen 
as 7-1=0.87, t 2 =  0.23.
81
B Z 3 9  ' €  'C  6 9  I B  'B  5 9 6 B  ' B  0 9 B 6  \ A
CLUOJ
Oi
Fi
gu
re
 
5.
13
 
Su
rf
ac
e 
Pl
ot
 
of
 
Ma
x.
 
De
vi
at
io
ns
 
d
u
r
i
n
 
On
e 
Se
co
nd
 
Mo
ti
on
 
wi
th
 
Va
ri
ou
s 
S
w
i
t
c
h 
P
o
in
ts
0.2
5 
0.3
0 
0.3
5 
0.4
0 
0.4
5 
0.5
0 
0.5
5 
0.6
0 
0.6
4 
0.6
9 
0.7
4 
0.7
9 
0.8
4 
0.B
9 
0.
94
82
00
d
<75co r-
o d d
cn<aO cod
<75ino
mmo
omd o
o m om- n mo d d
m
CM
d
co
o
m
2.6
CM
<75
CO
<7> <71 <75mo o
Switch Point 2
Figure 5.14 Contour Plot of Figure 5.13
Sw
it
ch
 
Po
i
n
t
83
/998  V  ££6tr V  S 0 £ l 'l  3£tr£-0 0S££
C u j o j
Fi
gu
re
 
5.
15
 
Su
rf
ac
e 
Pl
ot
 
of
 
Ma
x.
 
De
vi
at
io
ns
 
af
te
r 
On
e 
S
e
c
o
n
d
 
Mo
ti
on
 
wi
th
 
Va
ri
ou
s 
Sw
it
ch
 
P
o
in
ts
84
O ) )  ( ( ° / ^
iJHTiTiTmi iJ-H-LIIN --------  * .
d d d d d d o d d d d d d
Switch Point 2
Figure 5.16 Contour Plot of Figure 5.15
Sw
it
ch
 
Po
i
n
t
85
in td
in -*•
CO CN
uCNr-
cn co
p ' i r i  i i i i ~ r |" i i i i i i i i~r ' | i i i i i i i i r | i i i i i i i i i | i i r i  i i i i i
O■cn
o-o
o
(D
LD
O
•CO
o
o■o
oo O o o o o
lD o in o m o
<N CN o o
Total  Er ror  ( c m )
Figure 5.17 Magnitude of End-Effector Error for 
Specific Switch Points
86
CHAPTER SIX 
Summary and Future Works
6.1 Summary
In this thesis, the dynamic equations of one and two elastic links have been 
formulated and the assumed—modes method was used to obtain the numerical 
solution. Using these dynamic equations the actuation torque for each joint were 
determined for a given joint trajectory motion. Simulation results show that the 
first vibration mode is dominant for the most of robotic applications. Besides, the 
position of manipulator, the payload, and joint speed are factors that affect joint 
trajectory.
In one-link case study, the cycloidal motion trajectory is better than the 
Bang—Bang type acceleration in terms of link vibration. The Golden Section Search 
method was chosen and utilized to find the optimal switch point of cycloidal motion 
trajectory which minimize the link vibrations. In two—link case study, the contour 
plot is used to obtain the approximate switch points for both joint motions which 
minimize the end-effector position error. We cannot obtain the exact optimal 
switch points using this graphical method. In future study, the computationally
87
efficient optimization scheme should be developed for actual implementation.
6.2 Future Works
The following works can be considered as the future works needed to 
complete the research done in this thesis
(1) The experimental verification of the proposed optimal joint trajectory 
should be done to check the validity of the dynamic model developed 
in this thesis.
(2) For the multi—link case, the efficient method of searching the optimal 
switch points should be developed to reduce the calculation time.
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